This paper describes the singular behaviour of the characters of irreducible supercuspidal representations of π of G = GL n (F) around 1 in terms of the values at 1 of certain weighted orbital integrals. The weighted orbital integrals are computed when n = 3 or 4 and π is generic and unramified.
Introduction.
Let π be an irreducible supercuspidal representation of G = GL n (F) , where F is a p-adic field of characteristic 0. The character θ π of π is a locally constant function on the regular set Greg consisting of all x e G such that the coefficient of λ n in the polynomial det(λ + 1 -Aάx) is nonzero. It is well known that, if d(π) is the formal degree of π and x e G τQ% is elliptic and close to the identity, θ π (x) = cd{π) for some constant c depending only on normalizations of Haar measures. For other x e G TQg near 1, the value of θ π (x) is unknown. Kutzko [K] has given a formula for θ π when n is prime, but it involves a sum over double cosets in G and cannot easily be evaluated.
The two objects of this paper are as follows. The first is to describe the singular behaviour of the character θ π of π around 1 in terms of the values at 1 of certain weighted orbital integrals. To do this, we compare results of Howe and Arthur giving asymptotic expansions for θ π . The second is to compute the weighted orbital integrals required to give a formula for θ π when n = 3 or 4 and π is generic and unramified.
Howe showed that θ π (expX)= for X G & = Lie(G) close to zero and such that expX G G TQg . (Jfc) denotes nilpotent AdG-orbits in 3?, c#(n) is a constant, and μ& is the Fourier transform of the orbital integral over 0. In the case of GL n (F), the functions μ<? are known. The behaviour of θ π (x) as
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x € Greg approaches 1 is determined by the homogeneity properties of those μ# 's for which c#{π) Φ 0. These results are outlined in §2. In §3 we state results of Arthur [A3] , [A4] showing that a weighted orbital integral has a germ expansion valid on a neighbourhood of 1, and that θ π itself is a multiple of a weighted orbital integral of a sum of matrix coefficients of π.
The equality of Howe's and Arthur's expansions for θ π yields one of the main results of this paper-a formula for each constant c#{π) as a multiple of a certain weighted orbital integral evaluated at 1. We derive this formula in §4. It holds for all n and any supercuspidal representation of GL n (F).
In § §5 and 7, we consider a generic, unramified, irreducible supercuspidal representation π of GL3(F) or GL 4 (JF). Such a representation is known to be induced from a representation of some open subgroup of G. The particular sum of matrix coefficients appearing in the weighted orbital integrals is defined in §5 using results of Kutzko which give the character of the inducing representation. §6 contains a description of the normalizations of measures and the evaluation of the weight factor for the weighted orbital integrals. In §7, we obtain explicit expressions for the constants c<?(π) as polynomials in the order q of the residue class field of F.
The equality of Arthur's expansion and Harish-Chandra's generalization of Howe's expansion to a reductive p-adic group can be expected to yield information about the character Θ π of any supercuspidal representation π. However, the functions μ&, which are not known in general, may be difficult to compute, and the germ expansion for weighted orbital integrals is more complicated than that for GL n (F).
I would like to thank Paul Sally for helpful discussions and James Arthur for explaining his results about weighted orbital integrals.
where B is a nondegenerate symmetric G-invariant bilinear form on & 9 ψ is a nontrivial character of F and dY is a Haar measure on the additive group of &. The map f *-> f is a bijection of Cg°(&).
The Fourier transform of a distribution Γ on 9 is defined by i (/) = T(f). Let ^r eg be the set of semisimple elements X in 9 such that 0, where & is a Cartan subalgebra containing X. 
Let (Λ£) be the set of nilpotent G-orbits in ^. If q is the order of the residue class field of F, | | denotes the norm on F which satisfies | τz71 = q~ι for any prime element w of F. For y e G, let G 7 be the centralizer of γ in G, and let ^, be the Lie algebra of G γ . PROPOSITION [MW] have shown a relation between c<?(π), for π admissible and some (9, and dimensions of certain Whittaker models. As far as the functions μ# themselves are concerned, there is some information available in [MW] for induced nilpotent classes, and for G = GL Λ (JF) the fa's are known due to Howe (see Lemma 4.1).
3.
Weighted orbital integrals and characters of supercuspidal representations. We state several results due to Arthur which will be used in later sections. Theorem 3.4 relates the character Θ π of a supercuspidal representation π to a weighted orbital integral of a sum of matrix coefficients of π. Theorem 3.5 gives a germ expansion for weighted orbital integrals. A vanishing property for weighted orbital integrals of cusp forms is stated in Proposition 3.9. In Proposition 3.7, we derive a formula for the weighted germ gjfr corresponding to the trivial unipotent class in a Levi subgroup M.
Our notation follows that of Arthur [A2] - [A4] except in one respect: the boldface letter G will be used to denote an algebraic group defined over F, and G = G(F) will be the F-rational points of G. By a Levi subgroup M of G, we mean M = M(i 7 ), where P = MN is a parabolic subgroup of G. If AM is the split com-
Let &~(M), resp. &{M), be the collection of parabolic, resp. Levi, subgroups of G which contain We now review the notation required in order to define the weights VM occurring in the weighted orbital integrals. Given M, choose a special maximal compact subgroup K of G which is in good position relative to M. For P e &>(M) and x = πp(x)mp(x)k(x), with np(x) e N P , mp(x) e M P , and k(x) e Λ:, set H P (x) = H M {m P (x)). For γ e G, define
JG y \G
More generally, for any γ e M [A3, §5], 
REMARK. 1. Although / is not in C C°°( G), the weighted orbital integrals of / still converge because supp / is compact modulo AQ .
2. The corresponding result for reductive Lie groups appears in [Al] .
3. In Theorem 3.4, and, with the exception of the proof of Proposition 3.9, in the remainder of the paper, if γ e G TQg , the integral in JM(Ϊ > f) is taken over AM\G instead of G γ \G. The weight factor VM is invariant under left translation by elements of M, so this is equivalent to multiplying the original definition (3.2) by the measure of A M \G y .
The measures on AQ\G, AM\G, and a M /a G must be normalized correctly in order for Theorem 3.4 to hold. Let KM = Aj^nK. Given measures on a M , a G , and a M /a G defined using the restriction of a fixed Weyl-invariant metric on a M , as above, the compatibility requirement for the measures is as follows [A4, p. 5] :
The measures on AM\G and A G \G are the quotient measures induced by the measures on G, A M and A G .
If γ e Greg Π M, the weighted orbital integral JM(V> f) has a germ expansion on neighbourhoods of semisimple points in M. The weighted germs are uniquely determined up to orbital integrals on M. Suppose φ\ and φ 2 are functions defined on an open subset Σ of σM σ which contains an M σ -invariant neighbourhood of the semisimple element σ. φ\ is (M, cr)-equivalent to φι, φ\{y) ~ Φi{y) > if Φ\{y) ~ ^2(7) = JΛ/(y> Λ) for 7 G Σn ί/, where C/ is a neighbourhood of σ in M, and /z € Q°(Aί). Let (σ^M σ ) be the finite set of orbits in σ%M σ under conjugation by Af(σ) = M°(F) σ 
Let teF* and w e (2fc).
Set d G (w) = (l/2)(dimGu,-rankCr). If x = exp(X), let x ι = exp(ίZ
, f)
We will show that g^(γ 9 1) is the only term occurring in the above expansion having the same homogeneity as \D{γ)\ 1 / 2 . Given this, we then have
which, using Lemma 3.6, yields the desired expression for gj § (y, 1).
Let L e &{M) and u e (%). Since 
Some results for G = GL Π (-F)
. Assume π is an irreducible supercuspidal representation of G = GL^i 7 ). The main result of this section, Theorem 4.4, expresses the constant c&(π), (9 G (Λ£), as a multiple of a certain weighted orbital integral of a sum of matrix coefficients of π. Because of the one-to-one correspondence between the set (ΛQ) ofnilpotent G-orbitsin 9 and the set (2fc) of unipotent conjugacy classes in G, we can view c<?(π) and fo as corresponding to (9 e (%) We begin by defining some notation which allows us to state our results in terms of unipotent conjugacy classes. For (9 e (& G ), let &>(<9) = {P = MTV |^=1^}. If P e &{<?), let τr P be the admissible representation of G induced (unitarily) from the character δp {^2 of P, and let θp denote the character of πp. If Pi, Pi G &{<9), then Pi and P2 are conjugate in G, and πp and πp 2 are equivalent, so θ/> = θp 2 . Let θ^ denote the common value , where f k {x) = /(/ex/;" 1 ). Assume / is a cusp form. Then 7^(1, /*) = /L (1, /), so /L (1, /) = /L 2 (1 > /) We denote the common value by /^(l, /). Similarly, let ί/(St(^f)) be the formal degree of the Steinberg representation of any L G -2 §p(Afo), where MQ is a minimal Levi subgroup. We note that 5fr(M 0 ) φ 0 for any 0 e (2fc). Finally, we set w, = |Λfc(Λ)/Z σ (Λ)|, for ^4 equal to the split component of any P e &(0), and NQ{A) (resp. ZQ{A)) the normalizer (resp. centralizer) of A in (?. Let K = GL n (βp) , where ^ is the ring of integers in F. AT is a special maximal compact subgroup of G. For convenience, we consider only those Levi subgroups M which are in J? (MQ) , where MQ is the subgroup of diagonal matrices in G. For all such M, G = PΛΓ = ΛT if P e
LEMMA 4.1 [H]. Measures can be normalized so that /v(logy) =
> f°r 7 Ξ Greg *Ή # sufficiently small neighbourhood of I. REMARK. In §6, we normalize measures on G and its Levi subgroups. We will assume that the measure on the Lie algebra & has been normalized so that Lemma 4.1 holds. Let π be a supercuspidal representation of G. We now express the coefficients c#{π) in the asymptotic expansion about 1 of the character Θ π in terms of the weighted orbital integrals at 1 of the matrix coefficients of π. The functions Σz. 6^(Λ / 0 ) l^(?)l 1/2 /I^WI 1/2^ e (2fe), are linearly independent on any neighbourhood of 1 intersected with AM κ% Therefore, the equality of (4.5) and (4.6) implies:
From Lemma 3.6, θ π (f) = f{\)/d{π).
REMARK. 1. It follows from the definition of the Steinberg charac-
ter, that is, the character of St G (see [Ca] ), that where d{<9) = dim^M, M e 120 FIONA MURNAGHAN 2. If π = Indp(τ® id), P = MN, τ a supercuspidal representation of M, then, using van Dijk's formula in [D] which expresses θ π in terms of θ τ , it is possible to write c&(π), (9 € (2fc), terms of the constants <y (τ), 0 1 e (&M) 3. If π is in the discrete series of G and π is not supercuspidal or a twist of St<7, there is no formula for c<y(π), & Φ {\}.
Characters of inducing representations.
To find the constant c&(π) for a supercuspidal representation π of G = GL n (F), we must evaluate Jj{\, /) for / equal to a sum of matrix coefficients of π such that f(l) φθ (Theorem 4.4). Here, we outline how to produce such a function /. It will be shown in Lemma 6.1 that only the values of / on the unipotent set %Q are required to compute /^(l,/). Lemma 5.2 gives a formula for the values of / on %Q for π generic and unramified.
Carayol [C] has constructed an infinite family of irreducible unitary representations of KAQ which are called very cuspidal. To each such representation σ is attached a positive integer h, the level of σ. Given any (unitary) character χ of F*, the representation π = Ind^σ ® £ o det is irreducible and supercuspidal. We will say that any such π is generic and unramified.
The reason for this terminology is as follows. Let p be the residual characteristic of F. If (p, n) = 1, the irreducible supercuspidal representations of G are parametrized by conjugacy classes of admissible characters of extensions of degree n over F. For definitions and a general description, see [CMS] . Let θ be such a character. In this setting, those supercuspidal representations which correspond to the case where θ is generic over F and the extension of F is unramified are precisely the generic and unramified representations defined above. We remark that CarayoΓs construction is valid for arbitrary p, and thus we do not place any restriction on p. 
For u e K^-\, s^(u) is the number of blocks in the Jordan form of υj x~h {u-1) viewed as a matrix over
Proof [K, Lemma 6.6 ]. The proof given by Kutzko is for n prime, but in fact uses only the very cuspidal property of σ and therefore is valid for arbitrary n .
Weights for GL 4 (i 7 )
. To compute the coefficients c#{π), it is necessary to evaluate J#{\, /) for / equal to a suitable sum of matrix coefficients of π. Proposition 6.5 gives explicit integral formulas for /Λ/(1 9 f) f°r non-minimal Levi subgroups M of GL 4 (i 7 ). On G = GL n (F), we take the Haar measure with respect to which K = GLni&p) has measure one. The Haar measure on K is the restriction of this measure to K. If The next lemma gives the measures of the KM 'S. We will use these to determine the formal degree d(St(<f)) which appears in the formula for c&{π). Note that, in order to be consistent, the measure of MQ n K = AM 0 Π K must equal one. This determined our choice of inner product on a M . In order to evaluate VM{X) > x G G, we need to compute vol(α&/Z(Δ]0) for P G ^(Λf). As noted in [A4, p. 12 (x) . Suppose x = nak, with n e iV 0 , a = diag(αi, ... ,a n ) e A Mf) , and k e K. Then, for 1 < / < n, \a,•• • a n \ is equal to the maximum of the set. of norms of determinants of (n -i + 1) x (n -/ + 1) matrices which can be formed from the last n -i + 1 rows of x. For example, \a n -\a n \ = τaaxι<iφ j < ίn {\x n -χ ti x n j-Xn,iXn-\,j\}.
If where |^i| = \δι\~ι = |i| ? for large d. Therefore, 2f P (/ι) = log(^|z|) (0, 1,-1) .
The values H P {ri) for {α, -^} and {-/?, 7} are determined by the values for the other parabolic subgroups by using the following property (see [A4, p. 5] ): If P, P f e &>(M) are adjacent, and τ is the simple root of (P, A M ) in A P n (-Δ p /) which determines the wall shared by the chambers of P and P 1 in α M , then for any x € C?, -Hp(x) + H P '(x) is a nonnegative multiple of τ v . That is, {-Hp(x) I P G ^(M)} forms a positive orthogonal set for M.
To compute VAT(Λ) we use formula (3.1):
v M (x) = 1/r! (-λ (H P (x) )γθp(λ) -1 α^, r =
